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ABSTRACT

The Extended Korteweg de-Vries equation solved by using a finite element algorithm
based on Bubnov-Galerkin’s method using quintic B-spline functions. Crank—Nicolson
approximation in time has been used for time discretezation.The method can faithfully simulate
the physics of the Extended Korteweg de-Vries equation, according to simulations.
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1. INTRODUCTION

Early in 1877, Joseph Valentin Boussinesq introduced the KdV equation. Then in 1895,
Diederik Korteweg and Gustav de Vries have just been rediscovered and formed by

Ui + eUUy + aUyyy = 0, as<x<hb, (D)

where U(x,t) is a field variable, € and a are positive constants, and t and x denote time
and space differentiation, respectively.

The KdV Eq.(1) is a third-order one-dimensional nonlinear partial differential equation that
is used in nonlinear dispersive wave analysis. The equation was constructed to describe the
one-dimensional behaviour of solitary shallow water waves.

There are many forms for KdVequation like Rosenau— KdV [1], extended KdV [2],
generalized KdV [3], Rosenau KdV-RLW [4], KdV-Burger [5], the coupled Schrédinger—KdV
equation [6], ect..

The KdV equation arises as an approximate equation governing weakly nonlinear long
waves when terms up to the second order in the (small) wave amplitude are retained and when the
weakly nonlinear and weakly dispersive terms are in balance. If effects of higher order are of interest
then retention of terms up to the third order in the (small) wave amplitude leads to the extended KdV
equation. [7]
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We chose Extended Kdv equation as one type of KdV equation, which in the form

3 1 3 23 5
) Up + Uy +2aUUy + 2 fUsy = 202U%U; + af (2 UpUsy + = UUs, ) +
,BZUSx =0 (2)
360

where U(x,t) is a field variable, € , a and B are positive constants, and t and x denote
time and space differentiation, respectively

The extended Korteweg-de Vries equation, which includes terms of third order in wave
amplitude, is derived in two ways; the first is an extension of the derivation of Whitham (1974) of
the Korteweg-de Vries equation from the water-wave equations and the second is from the
Lagrangian for the water-wave equations derived by Luke (1967). Since a Lagrangian for the
extended Korteweg-de Vries equation is required to apply modulation theory, the second method of
derivation is useful as it leads directly to this Lagrangian. Deriving the modulation equations for the
full extended Korteweg-de Vries equation. [2]

In this work, we choose the Bubnov-Galerkin finite element method using quintic B-spline
are the basis functions. Spline functions have highly desirable characteristics which have made them
a powerful mathematical tool for numerical approximations, are employed to set up approximate
functions. The quintic B-spline bases together with finite element methods are shown to provide
very accurate solutions in solving some partial differential equations. For instance, quintic B-spline
finite element method for the numerical solution of the Korteweg-de Vries equation is designed by
Gardner.

If we want to talk about KdV applications, we need more than one paper, so we will name
some of these aplications. Other features in the Jovian atmosphere, such as the Great Red Spot
(GRS), as visible in cloud patterns, are perhaps the most daring use of KdV to date[8], both the cold
and the hot plasma mathematically rigorously [9], Plasma physics should be mentioned in any list of
KdV applications [10]. The soliton features of KdV were first confirmed using ion-acoustic waves
[11], [12].

The KdV equation can be solved in many numerical ways like finite difference method [13],
finite element method [14], [15], and collocation method [16], ect..

In this study, we’ll examine one sort of KdV equation. the extended KdV equation [17],
which would be solved by finite element method using Bubnov-Galerkin’s with quintic b-spline.
First, applying finite elemet method; second, studying Crank-Nicholson Approach; third, introduced
the initial state; and then apply the algorithm in two experiments.

2. FINITE ELEMENT METHOD

The finite element method is a very successful application of classical methods such as: the
Ritz method, the Galerkin method, the Least Squares method; for approximating the solutions of
boundary value problems arising in the theory of elliptic partial differential equations.[18] giving
specific applications of the finite element in the three major categories of boundary value problems,
namely (1) equilibrium or steady state or time-independent problems, (2) eigenvalue problems, and
(3) propagation or transient problems.
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The extended KdV equation is solved numerically throughout [a, b] that is a finite region
with boundary conditions. Let a partition of [a, b] be a = xy < x; < -+ < xy = b by the equally
spaced knots x; and let quintic B-splines with knots at the points x;, 0 <i < N are ¢;(x) where
{bi_2, bi_1, i, Pis1, Dira Pirz} are a collection of splines. serves as a foundation for functions
that are sought within the finite region [a, b]. The U(x,t) solution approximation Uy (x,t) to is
defined as follows:

Uy (x, ) = ZIE% ¢i(0u(0), 3)

where u; are time-dependent parameters that can be calculated from boundary and condition
conditions.

U@t)=UMb,t)=0 , Uyat)=Ugbt)=0. (4)

The intervals [x;, x;,1] are used to identify finite elements with nodes at x; and x;,,. Each
element [x;, x;.1] IS thus covered by six splines(¢;_2, ¢i_1, bi, Piv1, Pir2, Pirz) , Which are
represented as a local coordinate system ¢ given by h{ = (x — x;) where h = x;,., — x; and
0 < ¢ < 1. The expressions for all of these splines over through the element [x;, x;,,] are as
follows [19]

¢i—, =1—50+107%>-1033 +5¢*—-¢°

¢pi_1 =26 — 500 +207% + 2003 — 20{* + 5¢°

¢; = 66 — 6072 +30¢* —10¢° (5)

¢iy1 = 26 + 507 +207% — 2073 — 20¢* + 10¢°

¢is2 =1+50+10¢% 4+ 10¢3 + 5¢* — 5¢°

bivs = (5-

Outside the interval [x;_s,x;.3], the spline ¢;(x) and its fifth derivatives equal zero. When we
use Eq.(4) to formulate equations based on the element parameters. uf, these curves operate as
"shape™" functions for the element. The Uy(x,t) variation across the element [x;_3,x;43] IS
provided by

ut(x,t) = X, ¢ (0w (0. (6)

The derivatives at the knots and the nodal value of Uy (x,t) are expressed in terms of the
element parameters as shown below.

Ui = Uj_>2 + 26ui_1 + 66ui + 26ui+1 + Ujy2,

hU; =542 + 10u;pq — 1004 — u;_3),

h2U{" = 20(wi—p + 2u;_1 — 6u; + 2Ui41 + Uipa), (7)
R3U" = 60(Uipz — 2Uipq + 2U—g — Uj3),

h4Ul'”” = 120(ui_2 - 4ul~_1 + 6U.i - 4ui+1 + ui+2)'

The dashes imply differentiation in regard to x. When the Bubnov-Galerkin method is applied in
Eq.(2) using weight functions W (x), then the result is

b 3 3 3 23 5
LW (Ve + Uy + 2a0U, + 2 pUs, = 202020, + af (B U, Uz, + S UUs ) +
19
— f2Usy ) dx = 0. (8)

We’ll now set up the appropriate element matrices. We have the contribution for the typical element
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[xi, xi+1], we obtain

J,w (uf +ué + a%ueu,‘i + B %uﬁx - %az(ue)zufc + Ze) dx, (9)
where Z¢ is
5 19
Z¢ =ap ( ufus, + Eueugx) + s Bug, (10)

T (1 dridn)uf + DL, ([ drdpidxuf +
SBIHEL, (1 ¢l doyuf
e B Bl U dudiPdyuf +
Sa i, T, ((f,j‘,“lqb-qb,-mdx)uf)u,-
+ S aB I, D, () by dxoudyuf +
AR, T, (U ki) dxyuduf
—2a? B, B, (U ¢kl i) DY = 0, (11)

which the matrix form is formed by

Aeu + B®u® + = BCe e+360[)’2Deu += aueTEe
aﬁueTFeu + aﬁueTG"’ Z(u"’T)ZH"’ 2=y, (12)

where the dot is the differentiation with respect to the time t, and

U = (Uy—p, Upm 1, Up, Up 1, Upg, Upe3) | - (13)

The element matrices are given by

= [ budidx, By = [ dudpid, CF = f"’“¢k¢;"dx,
= [ i, B = [ b b, By = 77 ],
l]k fxl+1 ¢k¢ ¢] X, HUk fxl+1 ¢k¢l ¢de (14)

where i,j,k take only 1 —2,1 —1,1,1 + 1,1+ 2,1 + 3 for this element [x;,x;.,]. The matrices

A¢,B¢,C¢ and D€ are therefore 6 x 6 and F¢, G¢, E€ and H® are 6 X 6 X 6. Instead of F¢,
G, H€, E° we utilise the associated 6 x 6 matrix ¢, g€, h® and e® in our algorithm. In our
algorithm, we use

FS = Z%cfz—z fi?kuk' Zk 1-2 gl]kuk

Hiej = %c-l-=3l—2 hiejk(uz)ki ij = l+=3— Uk(u)ir (15)
This is dependent on the variables uj,. The matrices of elements A¢, B¢, C¢ and D€ are determined
algebraically from Eq.(13), which uj is given by Eq.(12). The equation below is obtained by
assembling the elements Eq.(11).

Au+ (B += BC+%BZD+ aE+—aﬂF+—aBG——0(2H)u=0, (16)
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where the matrices A4,B,C,D,E,F,G are constructed from the element matrices
A¢,B¢,C¢ D¢ E® F¢ G¢ H¢ respectively in the usual way and
U= (U_p,U_1,Ug, ", Uns1, Uns2) - (17)

3. CRANK-NICHOLSON APPROACH

The Crank—Nicolson technique is a finite difference method for numerically solving the
heat equation and other partial differential equations in numerical analysis [20]. Time centre on

(n+ %)At, where At is the time step, then utilise Crank- Nicholson method [21], with
1

u=@t Ut a= @t ), (18)

Substituting Eqg.(17) into Eq.(15), we obtainthe recurrence relationship

S —u) + 2 (B + £ fC + 52D + 2 aE

+15—2a/)’F + ia[)’G - EOLZH)(u"+1 +u™) =0, (19)
and then

(A +—(B += [)’C + —ﬂzD += aE +—aﬁF +—aﬁ’G ——aZH))u"+1

360
= (A—S(B+¢pC+=p?D + SaE + = afF + = afG —2a’H)u”, (20)

360

where the time labels are represented by the superscripts n and n + 1. The system (19) is made up
of N + 1 linear equations with N + 5 variables. Four more conditions must be met in order to
obtain a unique solution to the system. These are derived from the boundary conditions and may be
utilised to exclude u_,, u_q,ug, ***, Uy+1, Un42 From the recurrence relationships (19), resulting in
an 11 banded (N +5) x (N +5) matrix equation. At each time step, an inner iteration is
performed to verify that the nonlinear term converges. The following is the iteration algorithm [22]:
First, u° is known. The first approximation which is derived from Eq.(17), is calculated u}

to u using u = u®. The second approximation u3 is found with u = %(u0 + u1), and the third u3
with u = %(u0 + u}). We found that 10 rounds are usually enough to get a fair approximation for
ul in this first stage.

To find a first approximation in general uf**! to u™1 we use u =u"+= (u +u™ 1),

A second approximation u%*? is then found from, u = > (u +u™*1) and so on. Convergence is

normally achieved after two or three iterations [23].
The time evolution of u™ is determemined by a system of the decadiagonal [See Appendix
Al], and as a result, after the initial vector of the parameters u° is obtained, Uy (x,t) can be begun.

4. THE INITIAL STATE
We using recurrence relationships (19) to begin the time assessment of u"*! by
determining the vector u® from the starting condition. From Eq.(6), if we rewrite the global trial
functions as follows

Uy(x,0) = ?I;—zz (l)i(x)u? (21)
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u denotes unknown parameters that must be determined. Uy must meet the following
requirements in order to determine the initial vector u [24]. At the knots x;, it agrees with the
analytical initial condition; applying Eq.(6), it leads to N + 1 conditions. The solution of matrix
equations is then used to get the start up vector u° ,

where
3 30 27
1 18 33
1 26 66
1 26
M:

Mu® = b,

26 1
66 26

(22)

1

66 26
26 66
8 33

27

1

26 1
18 1
30 3

(23)

b = (U"(x0), U (x0), U(x0), Ux1),++, U (xn), U' (xn), U” (x)),
u® = (ulyuly,ug, -+ UR, U1, Uia2)

(24)

After determining the initial vector u® as the solution of the undecadiagonal matrix

Eq.(19), the system is solved using a Thomas algorithm.

The numerical algorithm developed in Section 3 will be validated by studying test problems
concerned with the migration and interaction of solitons. We use the L, and L., error norms
to measure the difference between the numerical and analytical solutions and hence to show
how well the scheme predicts the position and amplitude of the solution as the simulation

proceeds. The and error norms of the solution are defined by

N 2
L, :HU exact _UnH2 :{hz‘uiexact _Uin‘ ]
i=1

L, = HU exact _ | nH

o0

zmaxi‘uiexact _Uin‘

1
2

(25)

5. EXTENDED KDV SIMULATIONS: SINGLE SOLITARY WAVE SIMULATION
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5.1 Experiment1

Subject to the boundary conditions [25]

U(18,t) = U(70,t) =0 ,

(26)

The analytical solution of of the extended KdV Eq.(2) is as follows

U(x,0) = A;sech? [\/% (x — xo)] , 18 <x < 70. (27)

The analytic solution for the initial condition:

U(x,t) = A;sech? [\/g (c—xo—(1+ %A)t)] , 18<x<70  (28)

Figure 1 comparison between the numerical solution and the exact solution at the same
time, which agree with the exact solution.In order to determine the accuracy of the current scheme,
we used @ = f = 0.1,x, = 18,At = 0.05,Ax = 0.01 and A; = 1 complete the simulation up to

t=5.

Figure 2 Numerical solution at different time [t=0, 5, 10, 15, 20 seconds], which agree with
the exact solution. In order to determine the accuracy of the current scheme, and shows that the wave
moves when the time changed. The wave acts like a pulse.

The L2and Ly error norms are also recorded and the L2 norm is less than 3*10%, while the L. norm is

less than 6_10% .

t L, *10”° L, *10®
1.0 3.86481324 3638.57688
2.0 60.22283148626536 233.5064587820526
3.0 938.4125966520094 14.98532752901747
4.0 146.2266352846622 96.16866373770172*10
5.0 2278.553052565474 6.171644808688053

Table 1: Error norms for the single solitary wave of the extended KdV equationatt=1,2,..,5
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1 ‘ 1
091 1 09r 1
08 1 08 1
071 1 0.7r 1
061 1 06 1
05} 1 051 1
047 1 047 1
03 1 03 1
021 1 021 1
017 1 017 1

0 ‘ 0 ‘

0 20 40 60 0 20 40 60
Numerical exact

Fig(1): Comparison between numerical solution and the exact solution at time 5 seconds

Fig(2): Numerical solution at time t=0, 5, 10, 15, 20 seconds
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6. EXTENDED KDV SIMULATIONS: TOW SOLITARY WAVES

6.1 Experiment 1

Subject to the boundary conditions
U(18,t) =U(70,t) =0 , t>0. (29)

The analytical solution of of the extended Extended KdV Eg.(2) is as follows

U(x,0)= A{sechz{\/%(x—xo)}rsechz{\/%(x—xo)ﬂ ,18 <x <70 (30)

The analytic solution for the initial condition:
, 18<x<70 (31)

Figure3 comparison between the numerical solution at at time t=5 seconds, which agree
with the exact solution.In order to determine the accuracy of the current scheme, we used o=3=0.9,
in the fisrt term, and o.=0.2, p =3 in the second term x,=18,,At = 0.05,Ax = 0.01 and A;=1..

Figure 4 Numerical solution at time t=0, 5, 10, 15, 20 seconds, which agree with the exact
solution. In order to determine the accuracy of the current scheme, we used o==0.9, in the first
term, and o = =0.1,x, = 18,At = 0.05,Ax = 0.01 and A; =1 complete the simulation up
to t=20.0 seconds,
shown in the figure that the two solitons merge and dismerge when the time changed .
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081 4
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04r 1
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0 1 1 1 1
0 10 20 30 40 50 60

Fig(3): The numerical solution at time t=5 seconds

Fig(4): Numerical solution at time t=0, 5, 10, 15, 20 seconds
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7. CONCLUSIONS

The Extended KdV equation is a nonlinear transient dispersive equation, any numerical system that
replicates it must accurately reflect all of its properties. To deal with the fifth derivative of the
extended KdV equation, Based on Galerkin and quintic B-spline shape and weight functions, we
developed a one-dimensional B-spline finite element method. The Crank Nicholson technique is
used to create time discretization. This results in a nonlinear equation system with 11 diagonal
matrices. Matlab code was used to complete all calculations. To solve the equation in this work, we
employed the finite element method with a quintic B-spline. We used several functions to study
extended KdV equation and the wave form in each function in diffierent times. To solve the
equation in this work, we employed the finite element method with a quintic B-spline. We used
several functions to study extended KdV equation and the wave form in each function in diffierent
times. From experiment 1 and 2 (one solitary wave and two solitons), the results obtained proved the
method to be reliable, accurate and efficient through the calculated error norms. We believe that the
technique given here could be applicable in other situations where derivative continuity is required.
We can say that our numerical method can be reliably used to obtain the numerical solution of the
Extended KdV equation and similar type non-linear equations.

Appendix A: An Undecadiagonal Matrix Algorithm
Consider the problem of solving N simulation equations, which can be stated as follows:
[T1{u} = (v}
where [T] is a matrix of known coefficients and {u} and {y} represent unknown and known
equations, respectively, and [T'] is a vector of unknown and known equations.[26].

M =
a, by ¢ di e fi 0 .
g2 Ay by ¢ dy e f2 0 .
h; g3 as by c3 d3 es f3 0
my hy gs as by ¢4 dy €4 fa 0 .
ns ms hs gs as bs Cs ds es fs 0 :
Pe Mg Mg he ge g be Ce de €6 fe 0 .
0 p; n; m; h; gy as b; C7 d; ey f7 0
0 0 pn-s My—s My_s hy_s Ygn-s an_s by_s Cy_s dy_s
0 0 Pn-a MNn-a My_s hy_a Gn-a An_a by_s Cy_y
0 0 Pn-3 MNn-3 My—3 hy_3 gn-3 an-3 by-3
0 0 Pn—2 MNn—2 My—2 hy_o gyn—2 ay—2
0 0 Pn-1 Mn-1 My-1 hy_1 gn-1
0 0 DN Ny my hy

The 11-diagonal matrix is decomposed into two tridiagonal matrices using LU decomposition.
When a result, defining the following parameters using forward recursion as needed,

g2
G1=a, , m=by , s1=¢ , ty=d; , vi=e€ , Z =0
1
Qy = Ay — Za1y , T = by — 238, S; = ¢y — 23ty
=d _ _ hs __ gz—azry
t,=d; —2v1 , Vp=e;—2f; , Ay =" 0 ZZ=T
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q3 = a3 —Q3S; —Z3, , T3 =bz—ast; —z3S; , S3=C3—QzV; —Z3ty,
ty =ds —asf; —z3v, , V3 =e3—Z3fy,
_my _ hy—=Buny _ 94—BaS1—aum, _
Pa="—" , Qp="—""— , Zpg=""= , (4 =04 Pat; —ayS; —
q1 a2 qs3
Z4T3,
Ty = by — Pavi — Quty — 2483 , ta =dy— Qufy —Z4V3 , V4 = ey — Zufs,
Vs Mms—¥s"1 hs—Y551=Bs1
= = = = Ay = —————=,
Vs q1 ’ .35 a2 ’ 5 a3
1
zZs = q_4(95 —¥Yst1 — PsS; — asT3) , qs = as — YsVq — Psty — A5S3 — ZsTy,
Ts = bs —Ysfi — Bsvz — asts — zsty, , S5 = Cs5 — Psfo — AV — Zsty,
ts =ds — asf3 —2ZsVy , Vs =e€s5—Zsfy,
andi=6->N
Pi Vi—€iTi_s
€ = — , =t ‘ti=>
Vogis 0T qi—a '
1
Bi =—(m; —€Si_s —ViTi—a) , @ =—(h; — €iti_s — ViSi—s — BiTi=3),
‘hl—a ai-2
Zi = (9i — —€Vi—sViti—s — BiSi—3 — a;Ti_2),
q;i = a; — €fi_s — ViVi—a — Biti—3 — @;Si— — Z;Ti_1,
7; = by — Yifi—a — BivVi—z — Qiti—; — ZiSi_1,
si=¢—PBifics—avip—zitioy , t=di—aifia—zZiViqg , Vi=e€—
Zifi_1- ) ) )
As a result, the lower tringular matrix can be used to deduce the following vector {x}.
X1 =YV1 » X2 =)Y2—232X1 , X3 =)Y3— A3X1 — Z3Xyp,
Xg = Vs — BaXq — QuXy — Z4X3 , X5 = Y5 — YsX1 — PsXy — AsX3 — ZsXy,
i=6-N:

_ Xi = Yi = €iXi—s5 ~ ViXij—a — PiXi—3 — AiXj_3 = ZiX;_1.
Those calculations then use reverse recursion to angender the computation of the unknown vector
{u}from the higher triangular matrix.

XN
Uy = —
N QN’
1
Uy-1 = (XN-1 — TN-1UN),
dN-1
!
Un-_2 = (XN—2 = SN—2UN — TN—2UN-1),
lhvl—z
Uy-3 = dns (Xn-3 — ty—3Uy — SN-3UN-3 — TN—3UN—2),
1
UN—g = dN—a (XN—2 — VN-aUy — Ey_gUN—1 — SN—4UN—2 — TN—aUy—_3)-
i=(N—-5)-1
1
Ui = (6 = fillivs = Villiva — tillieg = Silliva ~ Tillis).

q
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